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a b s t r a c t
In this paper we study a distance-regular graph Γ of diameter
d ≥ 4 such that for any given pair of vertices at distance d − 1
there exists a strongly closed subgraph of diameter d−1 containing
them.We prove several inequalities for intersection numbers ofΓ .
We show that if the equalities hold in some of these inequalities,
thenΓ is either theOdd graph, the doubledOdd graph, the doubled
Grassmann graph, the Hamming graph or the dual polar graph.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
Our notation and terminologies are standard. The reader is referred to the next section or [1,2] for
the definitions.
Known distance-regular graphs have many subgraphs of high regularity. For example, the Odd
graphs, the doubled Odd graphs, the doubled Grassmann graphs, the Hamming graphs, the dual polar
graphs and the Hermitian forms graphs satisfy the following condition:
(∗) For any pair (u, v) of vertices there exists a strongly closed subgraph containing them whose
diameter is the distance between u and v.
Our problem is to classify distance-regular graphswhich satisfy this condition. Herewe do not assume
that a strongly closed subgraph is distance-regular.
Let G be a connected graph. We define the n-subdivision graph of G as the graph obtained from
G by replacing each edge by a path of length n. For any pair of vertices at distance 6 in the Foster
graph there exists the 2-subdivision graph of the Peterson graph containing them as a strongly closed
subgraph (see [12, Theorem 1.4] and [2, Section 13.2A]), and for any pair of vertices at distance 5 in
the Biggs–Smith graph there exists the 3-subdivision graph of the complete graph K4 containing them
as a strongly closed subgraph (see [12, Theorem 1.5] and [2, Section 13.4]).
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LetΓ be either the doubledGrassmann graph, the doubledOdd graph, or theOdd graph of diameter
d. For any pair of vertices at distance jwith 1 ≤ j ≤ d− 1 in Γ there exists a strongly closed subgraph
of diameter j containing them which is a non-regular distance-biregular graph if j is even, a distance-
regular graph if j is odd (see [5, Section 2] and [2, Sections 9.1D, 9.3]).
A connected graph E is called an expanded tree if there are no induced cycles except triangles.
Moreover if each edge lies on a clique of size s + 1, then E is called an expanded tree of order
s. We remark that an expanded tree of order 1 is a tree. Let Γ be a distance-regular graph with
r = max{i | (ci, ai, bi) = (c1, a1, b1)} ≥ 2. Let j be an integer with 2 ≤ j ≤ r. Then for any two
vertices at distance j there exists a strongly closed subgraph which is an expanded tree of order 1+ a1.
Conversely any subgraph of diameter j which is an expanded tree of order 1 + a1 is strongly closed
(see [7, Section 2]). This is an exceptional case.
In [12] H. Suzuki proved that a strongly closed subgraph in a distance-regular graph is either
distance-regular, distance-biregular, an expanded tree, the subdivision graph of a complete graph or
the subdivision graph of a Moore graph of diameter 2.
Let Γ be a distance-regular graphwhich satisfies the condition (∗). Suppose there exists a strongly
closed subgraph which is either the subdivision graph of a complete graph or the subdivision graph
of a Moore graph of diameter 2. Then we can obtain strong restrictions for intersection numbers
of Γ (see Proposition 6 and [7, Corollary 10]). This case had been almost settled (see [10]). In [5]
we characterized the Odd graphs, the doubled Odd graphs and the doubled Grassmann graphs by
existence of a strongly closed subgraph which is a non-regular distance-biregular graph.
So the remaining case is that each strongly closed subgraph is distance-regular. A distance-regular
graphΓ of diameter dwhich satisfies the condition (∗) and each strongly closed subgraph is distance-
regular is called d-bounded in [13]. C.-W. Weng had studied such distance-regular graphs and lots
of interesting results were obtained (see [13–15]). In [14] he proved that a Q -polynomial distance-
regular graph Γ with c2 ≥ 2 and a1 6= 0 is d-bounded if and only if it has classical parameters
(d, b, α, β) and either b < −1, or else Γ is a Hamming graph or a dual polar graph. In [13,15] he
proved that a distance-regular graph Γ of diameter d ≥ 4 with classical parameters (d, b, α, β) such
that b < −1, c2 ≥ 2 and a1 6= 0 is either the dual polar graph 2A2d−1(−b), the Hermitian forms graph
Her(d,−b), or α = b−12 , β = − 1+(b)
d
2 and−b is a power of an odd prime. This result is also true for
the case c2 ≥ 2 and a1 = 0 < a2 (see [11,9]). We remark that a strongly closed subgraph in this paper
is called a weak-geodetically closed subgraph in [13–15].
In [7] we proved that a distance-regular graph Γ of diameter dwhich satisfies the condition (∗) is
a Hamming graph if bd−1 = 1+ a1. Another sufficient condition for that Γ is either a Hamming graph
or a dual polar graph had been given in [8].
In this paper we give another partial answer for our problem. We first show the following
inequalities for intersection numbers.
Proposition 1. Let Γ be a distance-regular graph of diameter d ≥ 3 and valency k ≥ 3. Let t be a positive
integer with t ≤ d−1. Suppose for any pair of vertices at distance t there exists a strongly closed subgraph
of diameter t containing them. Then for any positive integers i and j with i+ j ≤ t + 1, the following hold.
(ci − ci−1)(cj+1 − cj) ≤ ci+j − ci+j−1, (1)
(ai − ai−1)(cj+1 − cj) ≤ ai+j − ai+j−1, (2)
(bi−1 − bi)(cj+1 − cj) ≤ bi+j−1 − bi+j, (3)
ci(cj+1 − cj) ≤ ci+j − cj, (4)
ai(cj+1 − cj) ≤ ai+j − aj, (5)
(b0 − bi)(cj+1 − cj) ≤ bj − bi+j, (6)
(ci − ci−1)cj+1 ≤ ci+j − ci−1, (7)
(ai − ai−1)cj+1 ≤ ai+j − ai−1, (8)
(bi−1 − bi)cj+1 ≤ bi−1 − bi+j. (9)
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Moreover the following hold.
(i) The equality holds in (3) if and only if the equalities hold in both of (1) and (2).
(ii) The equality holds in (6) if and only if the equalities hold in both of (4) and (5).
(iii) The equality holds in (9) if and only if the equalities hold in both of (7) and (8).
We remark that the equalities hold in these inequalities for the following cases:
(a) for any i and j in the Hamming graphs and the dual polar graphs.
(b) for any i and j in the doubled Odd graphs and the doubled Grassmann graphs except for the case
that the left-hand side is equal to 0.
(c) for any i and j in the Odd graphs except for the cases that the left-hand side is equal to 0 or i+j = d.
We are interested in the case that the equalities hold for those inequalities in Proposition 1. The
following is our main result.
Theorem 2. Let Γ be a distance-regular graph of diameter d ≥ 4 and valency k ≥ 3. Suppose for any
pair of vertices at distance d−1 there exists a strongly closed subgraph of diameter d−1 containing them.
Then
(bi−1 − bi)(cj+1 − cj) ≤ bi+j−1 − bi+j, (10)
(b0 − bi)(cj+1 − cj) ≤ bj − bi+j (11)
and
(bi−1 − bi)cj+1 ≤ bi−1 − bi+j (12)
hold for any positive integers i and j with i+ j ≤ d.Moreover, the following hold.
(i) Suppose c2 = 1 and one of the following conditions holds. Then Γ is either an Odd graph, a doubled
Odd graph or a doubled Grassmann graph.
(i-a) The equality in (11) holds for some positive integers i and j with i ≥ 3 and cj+1 > cj.
(i-b) The equality in (12) holds for some positive integers i and j with i ≥ 2, j ≥ 2 and bi−1 > bi.
(ii) Suppose c2 > 1. Then the following 5 conditions are equivalent.
(ii-a) The equality in (10) holds for some positive integers i and j with i ≥ 2 and i+ j = d.
(ii-b) The equality in (11) holds for some positive integers i and j with i ≥ 2 and i+ j = d.
(ii-c) The equality in (12) holds for some positive integers i and j with i ≥ 2 and i+ j = d.
(ii-d) The equalities in (10)–(12) hold for all positive integers i and j with i+ j ≤ d.
(ii-e) Γ is either a Hamming graph or a dual polar graph.
This paper is organized as follows. In Section 2, we recall some definitions and basic terminologies for
distance-regular graphs and strongly closed subgraphs. We collect several known results for strongly
closed subgraphs and give some consequences. In Section 3, we prove Proposition 1 and study the
case that the equalities hold. In Section 4, we investigate the case c2 > 1 and that the equalities hold
in the inequalities of Proposition 1. In Section 5 we recall a well known result which characterizes the
Hamming graphs and the dual polar graphs by their intersection numbers. Using this result we prove
our main theorem.
2. Preliminaries
First we recall our notations and terminologies. Let Γ = (VΓ , EΓ ) be a connected graph with
usual distance ∂Γ and diameter d = d(Γ ). For a vertex u in Γ we denote by Γi(u) the set of vertices
which are at distance i from u. For two vertices x and y of Γ with ∂Γ (x, y) = i, let
C(x, y) := Γi−1(x) ∩ Γ1(y), A(x, y) := Γi(x) ∩ Γ1(y), B(x, y) := Γi+1(x) ∩ Γ1(y).
Definition 3. Let i be an integer with 0 ≤ i ≤ d.
(i) We say ci(Γ )-exists if ci(Γ ) = |C(x, y)| is a constant whenever ∂Γ (x, y) = i.
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(ii) We say ai(Γ )-exists if ai(Γ ) = |A(x, y)| is a constant whenever ∂Γ (x, y) = i.
(iii) We say bi(Γ )-exists if bi(Γ ) = |B(x, y)| is a constant whenever ∂Γ (x, y) = i.
A connected graph Γ of diameter d is said to be distance-regular if ci(Γ )-exists and bi(Γ )-exists for
all i = 0, . . . , d. Then Γ is a regular graph of valency k = k(Γ ) = b0(Γ ) and ai(Γ )-exists with
ai(Γ ) = k(Γ )− ci(Γ )− bi(Γ ) for all i = 0, . . . , d.We remark that c0(Γ ) = a0(Γ ) = bd(Γ ) = 0 and
c1(Γ ) = 1. The constants ci(Γ ), ai(Γ ) and bi(Γ ) (i = 0, . . . , d) are called the intersection numbers
of Γ .
For more background information about distance-regular graphs we refer the reader to [1,2]. The
definition anddetailed description of theOddgraphs, the doubledOddgraphs, the doubledGrassmann
graphs, the Hamming graphs, the dual polar graphs and the Foster graph can be found in [2, Chapter
9.1D, 9.3C, 9.2, 9.4, 13.2A].
Let Γ be a distance-regular graph of diameter d = d(Γ ) ≥ 2 and valency k = k(Γ ) ≥ 3. We
denote by ci, ai and bi the intersection numbers ci(Γ ), ai(Γ ) and bi(Γ ) of Γ .
Let ∆ be a non-empty subset of vertices in Γ . We identify ∆ with the induced subgraph on
it. Let x ∈ ∆. A subgraph ∆ is called strongly closed (resp. geodetically closed) with respect to x if
C(x, y) ∪ A(x, y) ⊆ ∆ (resp. C(x, y) ⊆ ∆) for any y ∈ ∆. A subgraph ∆ is called strongly closed
(resp. geodetically closed) if it is strongly closed (resp. geodetically closed) with respect to x for any
x ∈ ∆. It is clear that a strongly closed subgraph is geodetically closed.
Let ∆ be a geodetically closed subgraph of Γ with diameter m = d(∆). Take any pair (x, y) of
vertices in∆. Then any shortest path between x and y in Γ is contained in the subgraph∆. Thus the
distance ∂∆ in ∆ coincides with the distance ∂Γ in Γ . It follows that ci(∆)-exists with ci(∆) = ci for
all iwith 1 ≤ i ≤ m. If∆ is strongly closed, then ai(∆)-exists with ai(∆) = ai for all iwith 1 ≤ i ≤ m.
Moreover, if ∆ is a regular graph of valency k(∆), then bi(∆)-exists with bi(∆) = k(∆) − ci − ai for
all iwith 1 ≤ i ≤ m and hence∆ is distance-regular.
However there exist examples of non-regular strongly closed subgraphs in a distance-regular
graph (see Section 1, [12,5,7]).
The following lemma is a well known fact for a strongly closed subgraph.
Lemma 4. Let ∆ ⊆ VΓ , x, y ∈ ∆ and z ∈ VΓ . Suppose ∆ is strongly closed with respect to x and
∂Γ (x, z)+ ∂Γ (z, y) ≤ ∂Γ (x, y)+ 1. Then z ∈ ∆.
Proof. We prove the assertion by induction on i = ∂Γ (z, y). If i = 1, then z ∈ C(x, y) ∪ A(x, y) ⊆ ∆.
Suppose i ≥ 2. Take z ′ ∈ C(y, z). Then ∂Γ (x, z ′) + ∂Γ (z ′, y) ≤ ∂Γ (x, z) + ∂Γ (z, y) ≤ ∂Γ (x, y) + 1
and thus z ′ ∈ ∆ by the inductive hypothesis. Since ∂Γ (x, z) ≤ ∂Γ (x, y) + 1 − ∂Γ (z, y) = ∂Γ (x, y) −
∂Γ (z ′, y) ≤ ∂Γ (x, z ′), z ∈ C(x, z ′) ∪ A(x, z ′) ⊆ ∆. The assertion is proved. 
We say the condition (SC)m holds if for any given pair of vertices at distancem there exists a strongly
closed subgraph of the diameterm containing them. Since a strongly closed subgraph of diameter 1 is
a clique of size 2+ a1, it is straightforward to see the following fact.
Lemma 5. The following conditions are equivalent.
(i) Γ contains no induced subgraph K2,1,1.
(ii) Each edge lies on a clique of size 2+ a1.
(iii) The condition (SC)1 holds.
In [7, Corollary 10] we proved the following result.
Proposition 6. Let Γ be a distance-regular graph of diameter d ≥ 3 and valency k ≥ 3. Let m be an
integer with 1 ≤ m ≤ d− 1. Suppose the condition (SC)m holds. Then the following hold.
(i) The condition (SC)j holds for all j with 1 ≤ j ≤ m.
(ii) Any strongly closed subgraph of diameter m satisfies the condition (SC)j for all j with 1 ≤ j ≤ m− 1.
(iii) Let r = r(Γ ) := max{i | (ci, ai, bi) = (c1, a1, b1)}. Then one of the following holds.
(a) m ≤ r.
(b) m = r + 2 ∈ {5, 8}, a1 = 0 and (cr+1, ar+1, br+1) = (cr+2, ar+2, br+2) = (1, 1, k− 2).
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(c) r = 4,m = 6, a1 = · · · = a6 = 0, c5 = c6 = 2 and k ∈ {3, 57}.
(d) Γ is either the doubled Grassmann graph, the doubled Odd graph, or the Odd graph.
(e) bm−1 > bm and any strongly closed subgraph of diameter m is distance-regular.
Proof. These are direct consequences of [4, Theorem 1], [12, Theorem 1.1] and [5, Proposition 4.5]
(see also [7, Corollary 10]). 
In Proposition 6(iii) a strongly closed subgraph of diameterm is an expanded tree of order 1+a1 in
(a), the 3-subdivision graph of a complete graph (resp. of a Moore graph of diameter 2) in (b) ifm = 5
(resp. ifm = 8) and the 2-subdivision graph of a Moore graph of diameter 2 in (c).
In the rest of this section Γ denotes a distance-regular graph of diameter d ≥ 3 and valency k ≥ 3.
Letm be an integer with 1 ≤ m ≤ d− 1.We assume that the condition (SC)m holds.
Lemma 7. Let α, β and γ be vertices such that ∂Γ (α, γ ) = m and ∂Γ (α, β)+ ∂Γ (β, γ ) ≤ m+ 1. Then
the following hold.
(i) Let δ be a vertex with ∂Γ (α, δ)+ ∂Γ (δ, γ ) ≤ m+ 1. Then ∂Γ (β, δ) ≤ m.
(ii) Let η be a vertex with ∂Γ (β, η)+ ∂Γ (η, γ ) ≤ ∂Γ (β, γ )+ 1. Then ∂Γ (α, η) ≤ m.
Proof. Let Ψ be a strongly closed subgraph of diameterm containing α and γ .
(i) Lemma 4 implies β, δ ∈ Ψ . Hence ∂Γ (β, δ) ≤ d(Ψ ) = m.
(ii) Lemma 4 implies β ∈ Ψ and η ∈ Ψ . Hence ∂Γ (α, η) ≤ d(Ψ ) = m. The lemma is proved. 
The following lemma is a generalization of [3, Lemmas 3.3, 3.6].
Lemma 8. Let s and t be positive integers with s ≤ m and t ≤ m. Then
(i) There is no quadruple (α, β, γ , δ) of vertices such that ∂Γ (α, γ ) = m, ∂Γ (α, β) = m + 1 −
s, ∂Γ (β, γ ) = s, ∂Γ (α, δ) = m+ 1− t, ∂Γ (δ, γ ) = t and ∂Γ (β, δ) = m+ 1.
(ii) There is no quadruple (α, β, γ , η) of vertices such that ∂Γ (α, γ ) = m, ∂Γ (α, β) = m + 1 −
s, ∂Γ (β, γ ) = s, ∂Γ (β, η) = s, ∂Γ (γ , η) = 1 and ∂Γ (α, η) = m+ 1.
(iii) Let u and v be vertices at distance m+ 1. Then there are no edges in C(u, v).
Proof. (i), (ii) These are direct consequences of Lemma 7(i), (ii).
(iii) Suppose there exists an edge (x, y) in C(u, v). Then the quadruple (u, x, y, v) of vertices
contradicts (ii) with s = 1. The lemma is proved. 
Lemma 9. Let α, β and η be vertices such that ∂Γ (α, β) = 1, ∂Γ (β, η) = m and ∂Γ (α, η) = m + 1.
Then the following hold.
(i) [C(α, η) \ C(β, η)] ⊆ B(β, η), A(β, η) ⊆ A(α, η) and [A(α, η) \ A(β, η)] ⊆ B(β, η).
(ii) Let ξ ∈ [C(α, η) \ C(β, η)]. Then α ∈ C(ξ , β) and η ∈ C(β, ξ).
(iii) Let ρ ∈ [A(α, η) \ A(β, η)]. Then α ∈ A(ρ, β) and η ∈ C(β, ρ).
Proof. We remark that C(β, η) ⊆ C(α, η) and B(α, η) ⊆ B(β, η). Then B(α, η) ∩ A(β, η) = ∅. If
there exists γ ∈ C(α, η) ∩ A(β, η), then (α, β, γ , η) contradicts Lemma 8(ii) with s = m. Hence
C(α, η) ∩ A(β, η) = ∅ and we have (i). The rest of the assertions follow by (i). 
3. Some inequalities for intersection numbers
Our purpose in this section is to prove Proposition 1. Throughout this sectionΓ denotes a distance-
regular graph of diameter d ≥ 3 and valency k ≥ 3. First we prove the following results.
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Lemma 10. Let i and j be positive integers with i+ j ≤ d. Let (u, v, w, z) be a quadruple of vertices with
∂Γ (u, z) = i+ j, ∂Γ (u, v) = 1, ∂Γ (v, z) = i+ j−1, ∂Γ (v,w) = i−1, ∂Γ (w, z) = j and ∂Γ (u, w) = i.
Suppose the condition (SC)i+j−1 holds. Then⋃
x∈[C(u,w)\C(v,w)]
[C(x, z) \ C(w, z)] ⊆ [C(u, z) \ C(v, z)], (13)
where the left-hand side is a disjoint union. In particular,
(ci − ci−1)(cj+1 − cj) ≤ ci+j − ci+j−1. (14)
Moreover the following conditions are equivalent.
(i) The equality holds in (14).
(ii) The equality holds in (13) for any quadruple (u, v, w, z) of vertices as in the statement.
(iii) The equality holds in (13) for some quadruple (u, v, w, z) of vertices as in the statement.
Proof. Proposition 6(i) implies that the condition (SC)h holds for all h with 1 ≤ h ≤ i + j − 1. Let
x ∈ [C(u, w) \ C(v,w)] and p ∈ [C(x, z) \ C(w, z)]. Then we have p ∈ C(u, z). Lemma 9(ii) implies
that u ∈ C(x, v) and x ∈ C(p, w). LetΨ be a strongly closed subgraph of diameter i+ j−1 containing
v and z. Then w ∈ Ψ by Lemma 4. Suppose p ∈ C(v, z). Then we have p ∈ Ψ , x ∈ C(p, w) ⊆ Ψ and
thus u ∈ C(x, v) ⊆ Ψ which contradicts ∂Γ (u, z) > d(Ψ ). Hence we obtain p ∈ [C(u, z) \ C(v, z)]
and (13) holds. We show that the left-hand side of (13) is disjoint. Let x 6= x′ ∈ [C(u, w) \ C(v,w)].
Then ∂Γ (x, x′) = 2 by Lemma 8(iii). Suppose there exists
p′ ∈ [C(x, z) \ C(w, z)] ∩ [C(x′, z) \ C(w, z)]
and derive a contradiction. Then we have ∂Γ (u, p′) = i+ j− 1. LetΛ be a strongly closed subgraph of
diameter i+ j−1 containing u and p′. Then x, x′ ∈ Λ by Lemma 4. Hencew ∈ C(x, x′) ⊆ Λ. Lemma 9
implies that p′ ∈ B(w, z) and thus z ∈ C(w, p′) ⊆ Λ. This contradicts ∂Γ (u, z) > d(Λ). Hence the
left-hand side of (13) is disjoint. The rest of the assertions are straightforward. 
Lemma 11. Let i and j be positive integers with i+ j ≤ d. Let (u, v, w, z) be a quadruple of vertices with
∂Γ (u, z) = i+ j, ∂Γ (u, v) = 1, ∂Γ (v, z) = i+ j−1, ∂Γ (v,w) = i−1, ∂Γ (w, z) = j and ∂Γ (u, w) = i.
Suppose the condition (SC)i+j−1 holds. Then⋃
y∈[A(u,w)\A(v,w)]
[C(y, z) \ C(w, z)] ⊆ [A(u, z) \ A(v, z)], (15)
where the left-hand side is a disjoint union. In particular,
(ai − ai−1)(cj+1 − cj) ≤ ai+j − ai+j−1. (16)
Moreover the following conditions are equivalent.
(i) The equality holds in (16).
(ii) The equality holds in (15) for any quadruple (u, v, w, z) of vertices as in the statement.
(iii) The equality holds in (15) for some quadruple (u, v, w, z) of vertices as in the statement.
Proof. Let y ∈ [A(u, w) \ A(v,w)]. Then ∂Γ (y, z) = j + 1 as otherwise a quadruple (z, y, v, u) of
vertices contradicts Lemma 8(ii). Let p ∈ [C(y, z) \ C(w, z)]. Then y ∈ C(p, w) and u ∈ A(y, v)
by Lemma 9. Let Ψ be a strongly closed subgraph of diameter i + j − 1 containing v and z. Then
w ∈ Ψ . If p ∈ C(v, z) ∪ A(v, z), then p ∈ Ψ , y ∈ C(p, w) ⊆ Ψ and u ∈ A(y, v) ⊆ Ψ which
contradicts ∂Γ (u, z) > d(Ψ ). We have p ∈ B(v, z). If p ∈ C(u, z), then a quadruple (p, y, u, v) of
vertices contradicts Lemma 8(ii). Hence we obtain p ∈ [A(u, z) \ A(v, z)] and (15) holds. Suppose
there exists
p′ ∈ [C(y, z) \ C(w, z)] ∩ [C(y′, z) \ C(w, z)]
for some y 6= y′ ∈ [A(u, w) \ A(v,w)]. Then ∂Γ (u, y) = ∂Γ (u, y′) = ∂Γ (u, w) = i. Since
v ∈ [C(w, u) \ C(y, u)], there exists v′ ∈ [C(y, u) \ C(w, u)]. Then we have ∂Γ (v′, p′) = i+ j− 1 and
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∂Γ (v
′, w) = i. If ∂Γ (v′, y′) = i+1, then a quadruple (v′, u, w, y′) of vertices contradicts Lemma 8(ii).
It follows that ∂Γ (v′, y′)+ ∂Γ (y′, p′) ≤ i+ j = ∂Γ (v′, p′)+ 1. LetΛ be a strongly closed subgraph of
diameter i+ j− 1 containing v′ and p′. Then y, y′ ∈ Λ by Lemma 4. Hence w ∈ Γ1(y) ∩ Γ1(y′) ⊆ Λ
and u ∈ A(w, v′) ⊆ Λ which contradicts ∂Γ (u, p′) > d(Λ). The left-hand side of (15) is disjoint. We
remark that A(v,w) ⊆ A(u, w) and A(v, z) ⊆ A(u, z) by Lemma 9(i). The rest of the assertions are
straightforward. 
Lemma 12. Let i and j be positive integers with i + j ≤ d. Let (p, z, w, v) be a quadruple of vertices
with ∂Γ (p, v) = i + j, ∂Γ (p, z) = 1, ∂Γ (z, v) = i + j − 1, ∂Γ (z, w) = j, ∂Γ (w, v) = i − 1 and
∂Γ (p, w) = j+ 1. Suppose the condition (SC)i+j−1 holds. Then⋃
y∈[C(p,w)\C(z,w)]
[A(y, v) \ A(w, v)] ⊆ [A(p, v) \ A(z, v)], (17)
where the left-hand side is a disjoint union. In particular,
(cj+1 − cj)(ai − ai−1) ≤ ai+j − ai+j−1. (18)
Moreover the following conditions are equivalent.
(i) The equality holds in (18).
(ii) The equality holds in (17) for any quadruple (p, z, w, v) of vertices as in the statement.
(iii) The equality holds in (17) for some quadruple (p, z, w, v) of vertices as in the statement.
Proof. Let y ∈ [C(p, w) \ C(z, w)] and u ∈ [A(y, v) \ A(w, v)]. Then y ∈ [A(u, w) \ A(v,w)] and
p ∈ C(y, z). Let Λ be a strongly closed subgraph of diameter i + j − 1 containing z and v. Then
w ∈ Λ. If u ∈ C(z, v)∪A(z, v), then u ∈ Λ, y ∈ A(u, w) ⊆ Λ and p ∈ C(y, z) ⊆ Λwhich contradicts
∂Γ (p, v) > d(Λ). Thus u ∈ B(z, v) and ∂Γ (u, z) = i+ j. Apply Lemma 11 to the quadruple (u, v, w, z)
of vertices we have p ∈ A(u, z). Then u ∈ [A(p, v) \ A(z, v)] and (17) holds. Suppose there exists
u′ ∈ [A(y, v) \ A(w, v)] ∩ [A(y′, v) \ A(w, v)] for some y 6= y′ ∈ [C(p, w) \ C(z, w)]. Then we have
y 6= y′ ∈ [A(u′, w) \ A(v,w)] such that p ∈ [C(y, z) \ C(w, z)] ∩ [C(y′, z) \ C(w, z)]. This contradicts
Lemma 11. The left-hand side of (17) is disjoint. It is straightforward to see the rest of the assertions.
The lemma is proved. 
We remark that the inequalities (16) and (18) are the same.
Corollary 13. Let h, j and m be positive integers with h ≤ m and m + j ≤ d. Suppose the condition
(SC)m+j−1 holds. Then
ch(cj+1 − cj) ≤ ch+j − cj, (19)
ah(cj+1 − cj) ≤ ah+j − aj (20)
and
(b0 − bh)(cj+1 − cj) ≤ bj − bh+j. (21)
In particular, the equality holds in (19) (resp. in (20)) if and only if the equality holds in (14) ( resp. in (16))
for all i = 1, . . . , h.Moreover the following conditions are equivalent.
(i) The equality holds in (21) for h = m.
(ii) The equalities hold in both of (19) and (20) for h = m.
(iii) The equalities hold in both of (14) and (16) for all i = 1, . . . ,m.
(iv) The equalities hold in both of (19) and (20) for all h = 1, . . . ,m.
(v) The equality holds in (21) for all h = 1, . . . ,m.
Proof. The inequalities (19) and (20) are obtained by adding the inequalities (14) and (16) for i =
1, . . . , h, respectively. The inequality (21) is a direct consequence of (19) and (20). It is straightforward
to see the rest of the assertions. 
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Corollary 14. Let h, i and n be positive integerswith h ≤ n and i+n ≤ d. Suppose the condition (SC)i+n−1
holds. Then
(ci − ci−1)ch+1 ≤ ci+h − ci−1, (22)
(ai − ai−1)ch+1 ≤ ai+h − ai−1 (23)
and
(bi−1 − bi)ch+1 ≤ bi−1 − bi+h. (24)
In particular, the equality holds in (22) (resp. in (23)) if and only if the equality holds in (14) ( resp. in (16))
for all j = 1, . . . , h.Moreover the following conditions are equivalent.
(i) The equality holds in (24) for h = n.
(ii) The equalities hold in both of (22) and (23) for h = n.
(iii) The equalities hold in both of (14) and (16) for all j = 1, . . . , n.
(iv) The equalities hold in both of (22) and (23) for all h = 1, . . . , n.
(v) The equality holds in (24) for all h = 1, . . . , n.
Proof. The inequalities (22) and (23) are obtained by adding the inequalities (14) and (16) for
j = 1, . . . , h, respectively. The inequalities (24) is a direct consequence of (22) and (23). It is
straightforward to see the rest of the assertions. 
Proof of Proposition 1. The inequalities (1), (2) are proved in (14) and (16). The inequality (3) is a
direct consequence of them. The inequalities (4)–(9) are proved in Corollaries 13 and 14. 
We are interested in the cases that the equalities hold for the inequalities in Proposition 1.
In [6, Corollary 1.3] we proved that a distance-regular graph with c1 = · · · = c4 = 1, c5 = c6 =
c7 = 2 and a1 = · · · = a6 = 0 is the Foster graph. First we consider the following trivial case.
Lemma 15. Let t be an integer with 1 ≤ t ≤ d− 1 and r := max{i | (ci, ai, bi) = (c1, a1, b1)}.
(i) If bt−1 = bt = bt+1 and the condition (SC)t holds, then one of the following holds.
(a) t + 1 ≤ r.
(b) t = r + 2 ∈ {5, 8}, a1 = 0 and (ct−1, at−1, bt−1) = · · · = (ct+1, at+1, bt+1) = (1, 1, k− 2).
(c) Γ is the Foster graph.
(ii) Let m and j be positive integers with m ≥ 2 and m+ j ≤ d. Suppose the condition (SC)m+j−1 holds.
If
(b0 − bm)(cj+1 − cj) = bj − bm+j (25)
holds with cj+1 = cj, then one of the statements (a)–(c) in (i) holds with t = m+ j− 1.
(iii) Let i and n be positive integers with i+ n ≤ d. Suppose the condition (SC)i+n−1 holds. If
(bi−1 − bi)cn+1 = bi−1 − bi+n (26)
holds with bi−1 = bi, then one of the statements (a)–(c) in (i) holds with t = i+ n− 1.
Proof. (i) This follows from Proposition 6(iii) and [6, Corollary 1.3].
(ii) Eq. (25) and Corollary 13 imply that the equality in (21) holds for all h = 1, . . . ,m. Hence we
have bj = bj+1 = · · · = bm+j. The desired result follows by (i).
(iii) Eq. (26) and Corollary 14 imply that the equality in (24) holds for all h = 1, . . . , n. Then we have
bi−1 = bi = · · · = bi+n. The desired result follows by (i). The lemma is proved. 
We should consider the cases that Eq. (25) holds with cj+1 > cj, and that Eq. (26) holds with
bi−1 > bi.
Proposition 16. Let m and j be positive integers with m ≥ 3 and m + j ≤ d. Suppose the condition
(SC)m+j−1 holds. If
(b0 − bm)(cj+1 − cj) = bj − bm+j (27)
holds with cj+1 > cj, then one of the following holds.
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(i) c2 > 1.
(ii) Γ is the Foster graph.
(iii) Γ is either the Odd graph, the doubled Odd graph or the doubled Grassmann graph.
To prove this proposition we first show the following lemma.
Lemma 17. Let m and j be positive integers with m ≥ 2 and m+ j ≤ d. Suppose the condition (SC)m+j−1
holds and that Eq. (27) holds with cj+1 > cj. If b1 > b2, then c2 > 1.
Proof. Suppose c2 = 1 and derive a contradiction. Eq. (27) implies that all equalities in (14), (16) and
(19)–(21) hold for i = 1, . . . ,m and h = 1, . . . ,m by Corollary 13. Let u, v and z be vertices such that
∂Γ (u, z) = j + 2, ∂Γ (u, v) = 1 and ∂Γ (v, z) = j + 1. Since aj+2 − aj+1 = (cj+1 − cj)(a2 − a1) > 0,
there exists p ∈ [A(u, z) \ A(v, z)]. Let C(v, z) := {wf | 1 ≤ f ≤ cj+1}. Then for any integer e with
1 ≤ e ≤ cj+1⋃
x∈[C(u,we)\C(v,we)]
[A(x, z) \ A(we, z)] = [A(u, z) \ A(v, z)]
by Lemma 12. Thus there exists xe ∈ [C(u, we) \ C(v,we)] such that p ∈ [A(xe, z) \ A(we, z)]. Let
{ye} = C(xe, p) ⊆ C(u, p). Then p ∈ A(we, ye) since c2 = 1.We prove ye ∈ [C(u, p) \ C(v, p)]. If
ye ∈ C(v, p), then ∂Γ (v, ye) = j+1. LetΛe be a strongly closed subgraph of diameter j+1 containing
v and ye. Then we have xe ∈ A(v, ye) ⊆ Λe, we ∈ C(v, xe) ⊆ Λe and p ∈ A(we, ye) ⊆ Λe which
contradicts ∂Γ (v, p) > d(Λe). The claim is proved. It follows that
{yf | 1 ≤ f ≤ cj+1} ⊆ [C(u, p) \ C(v, p)].
Next we prove that y1, . . . , ycj+1 are distinct. Suppose ye = yf for some e 6= f . Let Ω be a strongly
closed subgraph of diameter 2 containing z and ye. Then xe, xf ∈ A(z, ye) ⊆ Ω and we, wf ∈
A(ye, z) ⊆ Ω. Since d(Ω) = 2 and c2 = 1, we have ∂Γ (xe, wf ) = ∂Γ (xf , we) = 2. This implies
we ∈ A(xf , xe) and wf ∈ A(xe, xf ). Let Ψ be a strongly closed subgraph of diameter j + 1 containing
u and ye. Then xe, xf ∈ C(u, ye) ⊆ Ψ , we ∈ A(xf , xe) ⊆ Ψ and wf ∈ A(xe, xf ) ⊆ Ψ . Hence we obtain
z ∈ C(we, wf ) ⊆ Ψ which contradicts ∂Γ (u, z) > d(Ψ ). The claim is proved. Let w ∈ C(z, v). Then
Lemma 11 and Corollary 13 show that⋃
y∈[A(u,w)\A(v,w)]
[C(y, z) \ C(w, z)] = [A(u, z) \ A(v, z)].
Thus there exists y′ ∈ [A(u, w) \ A(v,w)] such that p ∈ [C(y′, z) \ C(w, z)]. Then we have
C(y′, p) ⊆ C(u, p) ∩ C(v, p). Hence
{yf | 1 ≤ f ≤ cj+1} ∪ C(y′, p) ⊆ C(u, p),
where the left-hand side is disjoint. Therefore we obtain cj+1 + cj ≤ cj+2.
On the other hand, the equality holds in (19) for all h = 1, . . . ,m by Corollary 13. Therefore we
obtain cj+1 = cj+2 by putting h = 2. This is a contradiction. The lemma is proved. 
Proof of Proposition 16. We may assume that c2 = 1 holds. Then Lemma 17 implies that
(c2, a2.b2) = (c1, a1, b1) holds. Eq. (27) implies that all equalities in (19)–(21) hold for h = 1, . . . ,m
by Corollary 13. Then (cj+1, aj+1, bj+1) = (cj+2, aj+2, bj+2). Since cj < cj+1 and the condition (SC)j+2
holds, either (c) or (d) of Proposition 6(iii) holds. If (c) holds, then j = r = 4 and b5 = b6 = b7 by
putting h = 3 in Eq. (21). Hence Γ is the Foster graph by Lemma 15(i). The proposition is proved. 
Proposition 18. Let i and n be integers with i ≥ 2, n ≥ 2 and i+n ≤ d. Suppose the condition (SC)i+n−1
holds. If
(bi−1 − bi)cn+1 = bi−1 − bi+n (28)
holds with bi−1 > bi, then one of the following holds.
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(i) c2 > 1.
(ii) n = 2, i = r+1 ∈ {4, 7}, a1 = 0 and (cr+1, ar+1, br+1) = · · · = (cr+3, ar+3, br+3) = (1, 1, k−2).
(iii) Γ is the Foster graph.
(iv) Γ is either the Odd graph, the doubled Odd graph or the doubled Grassmann graph.
Proof. Eq. (28) implies that all equalities in (22)–(24) hold for all h = 1, . . . , n by Corollary 14. If
c2 = c3 = 1, then bi = bi+1 = bi+2 by putting h = 1, 2 in Eq. (24) and thus we obtain (ii) or (iii) by
Lemma 15(i). If c2 = 1 < c3, then bi = bi+1 by putting h = 1 in Eq. (24) and thus we have (iv) by
Proposition 6 (iii). The proposition is proved. 
Remarks. (i) Let Γ be a distance-regular graph as in Proposition 18(ii). Then Γ satisfies the
condition (SC)r+2 and a strongly closed subgraph of diameter r + 2 is the 3-subdivision graph of the
complete graph Kk+1 if r = 3, the 3-subdivision graph of a Moore graphMk of diameter 2 and valency
k if r = 6 (see [12, Theorem 1.5]). Proposition 6(iii) implies that Γ does not satisfy the condition
(SC)r+3. The Biggs–Smith graph is the only known example of such a distance-regular graph. It has
diameter 7 and r = 3. It satisfies the condition (SC)5 and any strongly closed subgraph of diameter 5
is the 3-subdivision graph of the complete graph K4.
(ii) The Foster graph is a bipartite distance-regular graph of diameter 8 and valency 3 such that
c1 = · · · = c4 = 1 and c5 = c6 = c7 = 2. It satisfies the condition (SC)6 and any strongly closed
subgraph of diameter 6 is the 2-subdivision graph of the Peterson graph. But the Foster graph does
not satisfy the condition (SC)7 (see Proposition 6, [12, Theorem 1.4] and [5]).
4. The case c2 > 1.
In this section we consider the case c2 > 1 and prove the following result.
Proposition 19. Let Γ be a distance-regular graph of diameter d ≥ 3, valency k ≥ 3 and c2 > 1. Let t
be a positive integer with 2 ≤ t ≤ d−1. Suppose the condition (SC)t holds. Then for any positive integers
i and j with i+ j ≤ t + 1 the following hold.
(ci − ci−1)(cj+1 − cj) ≤ ci+j − ci+j−1, (29)
(ai − ai−1)(cj+1 − cj) ≤ ai+j − ai+j−1 (30)
and
(bi−1 − bi)(cj+1 − cj) ≤ bi+j−1 − bi+j. (31)
In particular, the following conditions are equivalent.
(i) The equality holds in (31) for some i and j with i ≥ 2 and i+ j = t + 1.
(ii) The equalities hold in both of (29) and (30) for some i and j with i ≥ 2 and i+ j = t + 1.
(iii) The equalities hold in both of (29) and (30) for any i and j with i+ j ≤ t + 1.
(iv) The equality holds in (31) for any i and j with i+ j ≤ t + 1.
(v)
ci =
[
i
1
]
, ai =
[
i
1
]
a1, bi = b0 −
[
i
1
]
(1+ a1) (32)
for i = 1, . . . , t + 1, where[
i
1
]
=
[
i
1
]
q
:= qi−1 + · · · + q+ 1
denotes the Gaussian binomial coefficient with basis q := c2 − 1.
Throughout this section Γ denotes a distance-regular graph of diameter d ≥ 3, valency k ≥ 3 and
c2 > 1. First we show the following lemma.
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Lemma 20. Let i and j be positive integers with i+ j ≤ d. Suppose the condition (SC)i+j−1 holds. Then the
following hold.
(i) If (ci+1 − ci)(cj − cj−1) = ci+j − ci+j−1, then (ci − ci−1)(cj − cj−1) = ci+j−1 − ci+j−2.
(ii) If (ai+1 − ai)(cj − cj−1) = ai+j − ai+j−1, then (ai − ai−1)(cj − cj−1) = ai+j−1 − ai+j−2.
(iii) If (ci+1 − ci)(aj − aj−1) = ai+j − ai+j−1, then (ci − ci−1)(aj − aj−1) = ai+j−1 − ai+j−2.
Proof. Our proofs of these statements are parallel. Here we only prove statement (ii). Let (u, v, w, z)
be a quadruple of vertices with ∂Γ (u, z) = i+ j− 1, ∂Γ (u, v) = 1, ∂Γ (v, z) = i+ j− 2, ∂Γ (v,w) =
i− 1, ∂Γ (w, z) = j− 1 and ∂Γ (u, w) = i. Then Lemma 11 implies that⋃
y∈[A(u,w)\A(v,w)]
[C(y, z) \ C(w, z)] ⊆ [A(u, z) \ A(v, z)]. (33)
Let p ∈ [A(u, z) \ A(v, z)].We prove that p is contained in the left-hand side of (33). Let v′ ∈ B(p, v).
Then ∂Γ (u, v′) = 2 by Lemma8(iii) and there exists u′ ∈ [C(u, v′)\{v}] since c2 > 1.Apply Lemma11
to the quadruple (p, z, v, v′) of vertices. Then
u′ ∈ [C(u, v′) \ {v}] ⊆ [A(p, v′) \ A(z, v′)].
Hence p ∈ [A(u′, z) \ A(v′, z)]. Apply Lemma 11 to the quadruple (u′, v′, w, z) of vertices. Then⋃
y∈[A(u′,w)\A(v′,w)]
[C(y, z) \ C(w, z)] = [A(u′, z) \ A(v′, z)]
by our assumption. Hence there exists y′ ∈ [A(u′, w) \ A(v′, w)] such that p ∈ [C(y′, z) \ C(w, z)].
We prove y′ ∈ [A(u, w) \ A(v,w)]. Since A(v,w) ⊆ A(v′, w) by Lemma 9(iii), we have y′ 6∈ A(v,w).
LetΛ be a strongly closed subgraph of diameter i+ j− 1 containing v and p. Then we have u, y′ ∈ Λ
by Lemma 4. If u′ ∈ C(y′, u) ∪ A(y′, u), then u′ ∈ Λ which contradicts ∂Γ (u′, p) > d(Λ). Hence
u′ ∈ B(y′, u) and ∂Γ (u, y′) = i. This implies y′ ∈ [A(u, w) \ A(v,w)] and that p is contained in the
left-hand side of (33). The claim is proved. Therefore we obtain
(ai − ai−1)(cj − cj−1) = ai+j−1 − ai+j−2
by Lemma 11. Statement (ii) is proved.
The statements (i) and (iii) can be proved by the same argument just replacing corresponding sets
in Lemma 11 with those in Lemma 10 and Lemma 12, respectively. The lemma is proved. 
Corollary 21. Let m and n be positive integers with m+ n ≤ d. Suppose the condition (SC)m+n−1 holds.
Then the following hold.
(i) If (cm − cm−1)(cn+1 − cn) = cm+n − cm+n−1, then
(ci − ci−1)(cj+1 − cj) = ci+j − ci+j−1
for all positive integers i and j with 1 ≤ i ≤ m and 1 ≤ j ≤ n.
(ii) If (am − am−1)(cn+1 − cn) = am+n − am+n−1, then
(ai − ai−1)(cj+1 − cj) = ai+j − ai+j−1
for all positive integers i and j with 1 ≤ i ≤ m and 1 ≤ j ≤ n.
Proof. The desired results follow by Lemma 20 and induction onm− i and on n− j. 
Lemma 22. Let h and s be positive integers with s ≤ h ≤ d− 1. Suppose the condition (SC)h holds. Then
(cs − cs−1)(c2 − 1)h+1−s ≤ ch+1 − ch
and
(as − as−1)(c2 − 1)h+1−s ≤ ah+1 − ah.
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Proof. Proposition 1 implies that
(ci − ci−1)(c2 − 1) ≤ ci+1 − ci,
and
(ai − ai−1)(c2 − 1) ≤ ai+1 − ai
hold for all i = 1, . . . , h. The desired result is proved by induction on h− s. 
Proposition 23. Let m and n be positive integers with m ≥ 2 and m + n ≤ d. Suppose the condition
(SC)m+n−1 holds. If
(cm − cm−1)(cn+1 − cn) = cm+n − cm+n−1 (34)
and
(am − am−1)(cn+1 − cn) = am+n − am+n−1, (35)
then
(ci − ci−1)(cj+1 − cj) = ci+j − ci+j−1 (36)
and
(ai − ai−1)(cj+1 − cj) = ai+j − ai+j−1 (37)
for all positive integers i and j with i+ j ≤ m+ n.
Proof. Suppose 1 ≤ i ≤ m and 1 ≤ j ≤ n. Then Eqs. (36) and (37) follow by Corollary 21. Suppose
n < j. Then i ≤ m+ n− j < m and 0 < j− n ≤ m− i. Corollary 21 implies that
(ch − ch−1)(c2 − 1) = ch+1 − ch
and
(ah − ah−1)(c2 − 1) = ah+1 − ah
for all h = 1, . . . ,m. Hence we have
(ci − ci−1)(c2 − 1)m−i = cm − cm−1 (38)
and
(ai − ai−1)(c2 − 1)m−i = am − am−1. (39)
Put s = n+ 1 and h = m+ n− i in Lemma 22. Then
(c2 − 1)m−i(cn+1 − cn) ≤ cm+n−i+1 − cm+n−i. (40)
Proposition 1 shows that
(ci − ci−1)(cm+n−i+1 − cm+n−i) ≤ cm+n − cm+n−1 (41)
and
(ai − ai−1)(cm+n−i+1 − cm+n−i) ≤ am+n − am+n−1. (42)
Then we obtain that the equalities in (41) and (42) hold by using (34), (35) and (38)–(40). Since
j ≤ m+ n− i, Eqs. (36) and (37) follow by Eqs. (41) and (42) and Corollary 21.
Supposem < i. Then j ≤ m+ n− i < n and 0 < i−m ≤ n− j. Corollary 21 implies that
(c2 − 1)(ch+1 − ch) = ch+2 − ch+1
for all h = 1, . . . , n. Hence we have
(c2 − 1)n−j(cj+1 − cj) = cn+1 − cn. (43)
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Then Lemma 22 shows that
(cm − cm−1)(c2 − 1)n−j ≤ cm+n−j − cm+n−j−1 (44)
and
(am − am−1)(c2 − 1)n−j ≤ am+n−j − am+n−j−1. (45)
Proposition 1 shows that
(cm+n−j − cm+n−j−1)(cj+1 − cj) ≤ cm+n − cm+n−1 (46)
and
(am+n−j − am+n−j−1)(cj+1 − cj) ≤ am+n − am+n−1. (47)
Then we obtain that the equalities in (46) and (47) hold by using (34), (35) and (43)–(45). Since
i ≤ m+ n− j, Eqs. (36) and (37) follow by Eqs. (46) and (47) and Corollary 21.
The proposition is proved. 
Proof of Proposition 19. The inequalities are proved in Proposition 1.
(iii) ⇔ (iv)⇒ (i)⇔ (ii): These are clear from Proposition 1.
(ii) ⇒ (iii): This is proved in Proposition 23.
(v) ⇒ (iii): This is straightforward.
(iii) ⇒ (v): We have that
(ci − ci−1)(c2 − 1) = (ci+1 − ci)
and
(ai − ai−1)(c2 − 1) = (ai+1 − ai)
hold for all i = 1, . . . , t. Then the desired results follow by induction on i. 
5. Proof of Theorem 2
In this section we prove our main theorem.
First we recall the following well known results (see [2, Theorem 9.2.5, 9.4.4, 9.4.5]).
Theorem 24. Let Γ be a distance-regular graph of diameter d ≥ 3 and c2 > 1 such that
ci =
[
i
1
]
, ai =
[
i
1
]
a1, bi =
([
d
1
]
−
[
i
1
])
(1+ a1) (48)
for i = 1, . . . , d, where[
i
1
]
=
[
i
1
]
q
:= qi−1 + · · · + q+ 1
denotes the Gaussian binomial coefficient with basis q := c2 − 1. Then the following hold.
(i) Suppose a1 = 0 and c2 = 2. Then Γ is the d-cube.
(ii) Suppose a1 > 0 and each edge lies on a clique of size 2+ a1. Then Γ is either a Hamming graph or a
dual polar graph.
(iii) Suppose d ≥ 4, a1 = 0 and q := c2 − 1 > 1. If for any three distinct vertices the number of their
common neighbors is 0, 1 or q+1, then q is a prime power and Γ is the dual polar graph on [Dd(q)].

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Let Γ be a distance-regular graph of diameter d ≥ 3 and valency k ≥ 3. Then each edge lies on a
clique of size 2+ a1 if and only if the condition (SC)1 holds by Lemma 5.
Suppose q := c2 − 1 ≥ 1 and a1 = a2 = 0. Then a strongly closed subgraph of diameter 2 is
the complete bipartite graph Kq+1,q+1. If q = 1, then each pair of vertices at distance 2 and their two
commonneighbors induce a quadrangle that is strongly closed inΓ .Hence the condition (SC)2 always
holds. It is straightforward to see the following fact for the case q > 1.
Lemma 25. Suppose q := c2 − 1 > 1 and a1 = a2 = 0. The following conditions are equivalent.
(i) For any three distinct vertices the number of their common neighbors is 0, 1 or q+ 1.
(ii) The condition (SC)2 holds.
Next we prove the following result.
Lemma 26. Let Γ be a distance-regular graph of diameter d ≥ 4 and valency k ≥ 3. Let t be a positive
integer with t ≤ d − 1. Suppose the condition (SC)t holds. Then for any positive integers m and n with
m+ n ≤ t + 1 the following hold.
(bm−1 − bm)(cn+1 − cn) ≤ bm+n−1 − bm+n, (49)
(b0 − bm)(cn+1 − cn) ≤ bn − bm+n (50)
and
(bm−1 − bm)cn+1 ≤ bm−1 − bm+n. (51)
Moreover the following hold.
(i) If the equality holds in (50), then the equality holds in (49).
(ii) If the equality holds in (51), then the equality holds in (49).
Proof. The inequalities (49)–(51) have been proved in Proposition 1.
(i) Suppose the equality holds in (50). Then the equalities hold in both of (14) and (16) for i = mwith
j = n by Corollary 13. It follows, by Proposition 1(i), that the equality holds in (49).
(ii) Suppose the equality holds in (51). Then the equalities hold in both of (14) and (16) for j = nwith
i = m by Corollary 14. It follows, by Proposition 1(i), that the equality holds in (49). 
We remark that the Foster graph does not satisfy the assumption of Theorem 2.
Proof of Theorem 2. The inequalities (10)–(12) are proved in Proposition 1.
(i) This follows by Propositions 16 and 18.
(ii) (e) ⇒ (d)⇒ (a), (b), (c): These are straightforward.
(b) ⇒ (a): This follows by Lemma 26(i).
(c) ⇒ (a): This follows by Lemma 26(ii).
(a) ⇒ (e): Put t = d− 1 in Proposition 19.
Then we have
ci =
[
i
1
]
, ai =
[
i
1
]
a1, (52)
for i = 1, . . . , d, where
[
i
1
]
denotes the Gaussian binomial coefficient with basis c2 − 1. Hence
b0 = cd + ad =
[
d
1
]
(1+ a1) (53)
and
bi = b0 − ci − ai =
([
d
1
]
−
[
i
1
])
(1+ a1) (54)
for i = 1, . . . , d. The desired result follows by Theorem 24. 
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